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I. INTRODUCTION AND RESULTS

If fis a function defined on [0, I], the Bernstein polynomial BnU) offis

n

B,lt; x) = I f(k/n)Pn,l,(X),
,,"co

where

S. Bernstein [1] has proved that for every continuous function f on [0, I],

max i BnU; x) -- f(x)' -+ °
O-c. x<1

(n -+ (fJ).

A more precise version of this result due to T. Popoviciu [2] states that

where Wf is the uniform modulus of continuity off defined by

wih) cc max{lf(x) ~ fly)]: x, Y E [0,1],1 x - Y I c;;; h}.

A small modification of Bernstein polynomials due to L. A. Kantorovic [3]
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makes it possible to approximate Lebesgue integrable functions in the L 1

norm by the modified polynomials

n ('(k 11)/(n, 1) )

PnU; x) c= (/1 + 1) I I . let) dt Pn,k(X),
7;.0 • MCnel)

The L 1 analog of Bernstein's result was established by G. G. Lorentz [4]
who has proved that for every Lebesgue integrable function / on [0, 1],

r1

i Pn(f, x) - l(x)1 dx -> °(n -'>- co).
'0

As far as estimates of the degree of approximation to Lebesgue integrable
functions by the polynomials Pn(f) in the L1 norm are concerned,
very little is known. A result which gives the degree of approximation
to / by P n(f) for a very special class of Lebesgue integrable functions! is due
to W. Hoeffding [5]. Hoeffding's result may be stated as follows.

If f is a Lebesgue integrable function on [0, 1], of bounded variation on
every closed subinterval of (0, 1), then

r1

: PnU; x) - l(x)1 dx ~ (2/e)I/2 J(f)n-1/2,
'0

where

f(f) = rX 1/2(l - x)1/21 dt(x)].
'0

This result is useful when J(f) < 00.

In this paper we shall show that

r1

x1 / 2(1 - X)1/2 : Pn(f, x) - lex) dx
'0

can be estimated in terms of the L1 modulus of continuity

.1

wtChhl = S~IP I :l(x + t) - lex)! dx.
t,~h to

We assume here and in the rest of the paper that the function/is extended to
( - co, co) by periodicity with period I (its value at the integers is immaterial).
The L 1 norm with the weight function w(x) = X 1 / 2(l - X)I/2 seems to be a
more convenient norm than the usual L1 norm for the study of approximation
properties of modified Bernstein polynomials.
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Our result may be stated as follows.

THEOREM. Let f be a Lebesgue integrable on function [0, 1]. Then, for
n ?: 2,

2. LEMMAS

The proof of our theorem is based on two lemmas.

LEMMA 1. Iff is a Lebesgue integrable function on [0, 1], then,for n ?: 2
and for x E (0, 1), we have

x(1 - x) (Pn- 1(f, x) - f(x))

= f npn.k(x) (~ - x) (:IIl--x (J\X + t) - f(x)) dt.
k~O n •0

Proof We have
.I

Pn- 1(J; x) = I Kn(x, t)J(t) dt,
'0

where
n-l

Kn(x, t) = n L Pn-U-(X)x(kln.(k+l)/n](t),
k~O

X(kln.(k+l)/n](t) being the characteristic function of (kin, (k + l)ln]. By
partial summation we find that

n-l
L Pn-Lk(X) X(kln.(k+l)/n](t) = Pn-l,n-l(X) XfO.l](t) - Pn-l.o(x) Xfo,oJ(t)
k~O

11--1

+ I (Pn-l.k-l(X) - Pn-Lk(X)) XfO,kln](t).
k~1

Since

Pn-l.k-l(X) - Pn-Lk(X) = ((~=~) (1 - x) - C7c 1)(x)xH (1 - X)/-k-l

= (~) (~ - x) x k -
1(l - x)n-k--\

we have

x(J - X)(Pn-Lk_l(X) - Pn-Lk(X)) = (kin - x) Pn.k(X),
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and it follows that
n k

x(1 - x) Kn(x, t) = I npn,k(X) (n - x) X[O,kln](t).
k~O

Hence,

n (k) .kln
x(l - x) Pn-1(f, x) = I I1Pn,k(X) - - X j f(t) dt

k~(J 11 0

and the proof of the lemma is complete, since

n k 2

I (- - x) Pn,k(X) = x(1 - x)ll1·
k~O n
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Our second lemma is a more precise version of a known inequality
(see [6, p. 15]).

LEMMA 2. For n 2 and x E [0, ]] we have

n

I ',kin - x 1
5 Pn,lc(X) ~ x(1 - x)ln5/2

•

Proof We have

n I k 1
5

(' n k l )1/2 (n k 6 ')1/2I - - X Pn,k(X) ~ I (- - x) Pn.7cCx) I (- - x) Pn,rcCX) ,
7.~O n k~O n. ! k~O n ,

and the result follows, since

f (~- X)4 Pn,k(X) = x(1 --; x) (3x(1 _ x) + 1 - 6x(1 - x))
k~O n 11 n

x(1 - x)
~-

and

= x(1 - x) (15x2(1 _ X)2+ 25x(1 - x) - ]30x2(1 - x)2
113 11

-L I - 6x(1 - x) - 36x2(1 - X)2 + 168x3(1 - XP)
, 11 2

<: x(1 - x)
"'- n3

for x E [0, 1].
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3. PROOF OF THE THEOREM

Let x E (0, I). By Lemma I we have

x(1 - x)[ Pn-1U; x) - I(x)

;:;; f nPn.7Jx) Ik -- x 'II ('/11 ,r (l(x t) - I(x» dt I,

k~O n •0

n I k I ·11,/11I npn,7JX) 1- - x I
1,-0 11 '-ki"

[110]

I In "rCx ),
T==O

j I(x + t) - I(x)i dt

where I) E (0, I) and

I
k I rl"ln-xlI IIpn, ,,(x) _.- X • ,-,-, ',I.'"ln '," I f(x 1-- t) - I(x)i dt.

r8<i k ../ n - x i«r-j-l)d 11 .. _A.

Clearly
• ire-!)o

InAx) ;:;; SrCn, 8; x) I l f(x -+ t) - f(x)i dt,
'-(1'+1)0

where

I
k I

S1'(I1, 8; x) == I npn, ,,(x) - - x [,
rc'i<lkn-xl«r 11)8 11,

Hence, it follows that

x(l - x)1 PrHU; x) - f(x)l
[1/01 • (1',1)0

I S1'(II, 8; x) I i f(x
r~O '-(1',1)8

t) - f(x)1 dt.
(I)

Next we shall estimate the coefficients S,(n, 8; x) for r == ° and
1 .S; r .( [1/8]. We have first

SO(I1, 8; x) = I nPn.Jx) l kln- x
l"ln-xl<o

n

I npn,/;(X) [ kin - xl
k~O

(2)

Next, for I r

Sr(l1, 8; x)

[1/8], we have, by Lemma 2,

nCr! 1)-18-4 I
-r8<! 1,:,"J/-:l'! ,;::< r-';-llo

n

n(r- I )-18-4 I ! kll1 x 5 PnJ'(X)
k~O
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From (1), (2) and (3) it follows that

X 1/2(1 - X)I/2 1Pn- 1(J, x) - l(x)i
,I

~ n1
/
2 j 11(x --'- t) - l(x)1 dt

o
[1/0] ,(,..1)0

+ ~1I-3/2 0- 1 L (I' + 1)-4 j :f(x t) - f(x); dt.
,.~d. --("-1-1)8

Integrating this inequality and taking into account that

r(r
l

-l)8 (j'l i f(x J- t) - f(x)l dX) elt ~ 2(r I- 1) oWf((r + 1)8h, ,
• -(,.+1)8 0

we find that

( x 1 / 2(1 - X)1/2 I P,,-I(f, x)- f(x)i dx
'0

[1/8]

2n 1 / 2 oWf(Oh, -[-- n-3 / 2 0-:1 I (r'- 1)-3 wJ((r -i- l)Oh, .
r~l

Choosing here 0 = n-1 / 2, we find that

,II X
1

/
2(1 - X)I/2 : P,,-1U; x) f(x)1 dx

'0
[,,'/2]

2wtClI-l/2h, I- I (r 1)-:1 wtC(r \- 1)/n1 / 2h 1
r=--l

[,,"/2]+1

~ 2 I k-3 wf(k/1I1
/
2L, .

k~1
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Since the L 1 modulus of continuity is a subadditive function, we have, for
every 0 < hI ~ h2 ,

wf(h 2) L1

h2

(see [7], p. 112). In particular we have, for k I,

wf(k/1l1 /2h, ~s. 2kwtCn--l/2h, .

Hence,

... 1 el)

I x 1
/
2(1 - X)l/2 I Pn-lf, x) - f(x)1 dx ~ 4wtCn-l/2h1 I k- 2

'0 k~1

and the theorem is proved.
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