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1. INTRODUCTION AND RESULTS

If /is a function defined on [0, 1], the Bernstein polynomial B,(f) of fis

Bn(j; X) = Z f(’[(.’/”)pn,k(,x)a

L=

where
PalX) = (Z) X1~ x)"=k,
S. Bernstein [1] has proved that for every continuous function fon [0, 1],
Jax | By(fo x) = f(x) >0 (= o).
A more precise version of this result due to T. Popoviciu [2] states that
Jmax | Bu(f ) — f(x) < fey(n)
where w, is the uniform modulus of continuity of f defined by
wilhy == max{| f(x) — f(M):x, y e [0, 11, | x — y | < A},
A small modification of Bernstein polynomials due to L. A. Kantorovi¢ [3]
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makes it possible to approximate Lebesgue integrable functions in the L,
norm by the modified polynomials

AUA1T) (n41)

Pifi =0 1) Y (]

F@)dt) pasx).
1o W/ (ns1)

The L, analog of Bernstein’s result was established by G. G. Lorentz [4]
who has proved that for every Lebesgue integrable function fon [0, 1],

11 P x) = F(0)] di =0 (1 — o),

As far as estimates of the degree of approximation to Lebesgue integrable
functions by the polynomials P,(f) in the [, norm are concerned,
very little is known. A result which gives the degree of approximation
to f'by P,(f) for a very special class of Lebesgue integrable functions f'is due
to W. Hoeffding [5]. Hoeffding’s result may be stated as follows.

If fis a Lebesgue integrable function on [0, 1], of bounded variation on
every closed subinterval of (0, 1), then

[ Pu 2 — (I dx < eyt J(fFon i,

Y0
where

I = [ 51— xpz ) df ().

1]

This result is useful when J(f) < co.
In this paper we shall show that

1
[" (1 — 2 1P ) = f(0) d
Y0
can be estimated in terms of the L; modulus of continuity

e, = sup [ 170 1) = [0 d

AR 1]

We assume here and in the rest of the paper that the function fis extended to
(— o0, o) by periodicity with period 1 (its value at the integers is immaterial).
The L, norm with the weight function w(x) = x%%(1 — x)1/2 seems to be a
more convenient norm than the usual L, norm for the study of approximation
properties of modified Bernstein polynomials.
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Our result may be stated as follows.

THEOREM. Let [ be a Lebesgue integrable on function [0, 1]. Then, for
n =2,

1 h2
[ = 1P ) = ) di T ),
0

2. LEMMAS
The proof of our theorem is based on two lemmas.

LeMMA 1. If fis a Lebesgue integrable function on [0, 1], then, for n > 2
and for x € (0, 1), we have

x(1 — x) (Ppoa(f X) — f(x))
= 3 sl (=) [ G 0 = ) a

Proof. We have
Puslfs ) = | Kal, D F(0) dr,

where
n—1

K, (x,t) =n Z P16 )X Gern, Ge1) rml(E)s

k=0

X(e/m.(ss1) /m)(¢) being the characteristic function of (k/n, (k + 1)/n]. By
partial summation we find that

n—1
Z P13 XGe/m, G0 () = Pt n—a(X) Xro.11(8) — Pr1.0X) Xio.01(t)
k=0
n-—1 )
+ Y (Prr,6-1(X) — Paer X)) Xto.2/m)(2).
k=1
Since

Pr-t,i-1(X) — P i(X) = ((Z : ;) 1—x)— (" ; 1)(x)x"‘1(l — xynke

we have
X1 — XY (P, 5-2(%) — Py 1)) = (k[n — X) pp,i(x),
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and it follows that

T

X = 0 Ko ) = 3 1) (- %) om0

k=4
Hence,

n

X1 =9 Pa) = 3 mpaa) (5 =) [0 dt

= i npp ix) (’:—; — x) f:m () dr

and the proof of the lemma is complete, since

i (I—C - x)2 Pri(x) = x(I — x)/n.

k=0 n

Our second lemma is a more precise version of a known inequality
(see [6, p. 15]).

LemMA 2. Forn = 2 and x € [0, 1] we have
Y hfn — x [® i) < x(1 — )R,
=0

Proof. We have

§ [ oo < (Z () pn.k(x))”z (

¥ (=) pasto)

k=0
and the result follows, since

ﬁ (£ %) pust = 202 (331 — . L S5L=0)

n
- )
= n?
and

Z (& ) pusto

x(1 ,,ﬁ x) (15 21— )2+ 25x(1 — x) — 130x%(1 — x)?

n

LT =6x(1 — x) — 36x%(1 — x)* + 168x*(1 — x)®
‘ n* >
< x(1 - x)
0 n?
for x € [0, 1].
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3. PROOF OF THE THEOREM

Let x (0, ). By Lemma | we have
x(1 — x)l Py fs X)) — f(x)

n

< Xm0 0 sooran

k=0

n PR AYS TR

) Ik ‘ . ;
<Y a0 | x| | F 1) ) dr

k-0 Ykl

[1/81

S z In,'r(x)a

7==0)

where 6 € (0, 1) and

k |k /n—x| _ )
A D e ) L N R RS By 2
P8 |k n—nj < (r+1)8 n LI
Clearly
~(ri1)s
L. A(x) < S, 8: x) x40 — fOl d,
v—(r+1)8
where

k I
Si(n, 8; x) == Y AP (X) | P \

ré<|hn—x|L(r11)d

Hence, it follows that
[1/5] A 1)8
X1 =0 P fe ) — fO) <Y Sim 65 | f(x - ) — £ dt.
=0 (18 (1)
Next we shall estimate the coefficients S,(n, 8; x) for r == 0 and
< r < [1/8]. We have first

n

Suln 8:5) — Y mpa) Lk — 1Y apa ) [k — x|
fh/n—x| s =0
=L XV — )12 2
Next, for 1 < ¢ < [1/8], we have, by Lemma 2,
S.n, 8; x) =2 n(r - 1)748+ Y Tkin — X op, dx)

&</ u—u) Lr+-1)8

n(r = D78 Vkin — x % p, (X))

h=0

(L ) 1)
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From (1), (2) and (3) it follows that
XL — xR Pya(fs x) — f(3)]
< J‘nl P+ 1) — f(x)] di

LA Ar1)6
R e Y (r b 1) J Lf(x =- 1) — f(x)! dt.
el -{r+1)8
Integrating this inequality and taking into account that

- {(r-1)6

(J‘l S b = Ol dx) di < 20r - 1) Sl + D),

‘}—(r+1)5 0
we find that
1
[0 — 02 | Pu(f, 2) = £ d

‘o
[1/8]
L2012 S (), - n RS Y (- 1P wl(r + 1))y, .
r=1

Choosing here 6 = n~1/2, we find that

~l
[ = )R P (f ) f)] d
Yo

[n'/2]

C20, N, 1L (- D)7 gk D)
7=1

[n'/?]41

<2 Y kS adkimy,, .
k=1

Since the 2, modulus of continuity is a subadditive function, we have, for
every 0 < /iy < By,

5 wdly)pn o wfh)n
Ty o h,

(see [7], p. 112). In particular we have, for & = 1,

okt ) << 2kt

Hence,

A1 »
|31 — 02 | Py (fs x) = ()] dx < Ao (n1B), Yk
k=1

o

27 !
=3 w (1)

and the theorem is proved.
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